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Abstract 
Let Ei, 1 5 i 5 r, be intermediate fields of the finite separable field extension K/k. We study 
the quotient K’/E; . . . ET. We show that there is a dichotomy between the cases Y < 2 and 
r > 2. If r 5 2, then the n-torsion subgroup of that quotient is finite for all n > 0, and under 
suitable hypotheses the entire torsion subgroup is finite. For r > 2, examples are given to show 
that the group K*/E; E,* may be trivial, finite and nontrivial, infinite torsion or may have 
infinite torsionfree rank. The case r = 2 had been considered earlier in connection with the study 
of Picard groups of certain singular curves. In the present paper, we study the problem in the 
more general context of a finite group acting on a module, and then use Galois cohomology. 
1. Introduction 
Let k be a field and K a proper finite separable field extension of k. Consider the 
quotient K*/k* of the multiplicative group K* of K by the multiplicative group k* of 
k. It is an easy exercise (see Section 4) to show that for any positive integer n, the 
n-torsion subgroup (set of elements killed by n) of K*/k* is a finite group. Also, if 
k is finitely generated over the prime field, classical results in arithmetical algebraic 
geometry imply that the whole torsion subgroup of K*/k* is a finite group. 
Let now Ei (i = l,..., r) be fields with k C Ei c K. Let K*/ET . . . E,* be the quotient 
of the multiplicative group K* of K by the subgroup spanned by the multiplicative 
groups ET. For r 1 2, are there finiteness results similar to those mentioned above for 
r=l? 
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In this paper we show that this is indeed the case when r = 2 (Theorems 5.1 and 
5.2, Corollary 5.3). Here are some of the results. 
If El, E2 are subfields of K with k C Ei c K, then for any positive integer n, the 
n-torsion subgroup of K’/E;E,* is finite, and it has no p-torsion for p = char(k). 
If 1 is an odd prime, and k contains the lth roots of unity, then the l-primary 
torsion subgroup of K*/E;E; is finite. The analogous result holds true for the 2-primary 
subgroup if the 4th roots of unity are in k. 
Let p(K) denote the roots of unity in K. The torsion group of K*IEFE; is infinite 
if and only if ,u(K)/p(E~)p(Ez) is infinite (Theorem 5.2). In particular, if k (or Ei) 
contains all roots of unity, then the torsion subgroup of K*/E;E; is finite. 
If k is finitely generated over its prime subfield, then the whole torsion subgroup of 
K*/E;E,* is finite. 
For r > 3, such finiteness statements no longer hold (see Example 6.4 or [7, 1.21 for 
an example with r = 3 where the quotient group is an infinite group of exponent 2). 
For arbitrary r 2 1, for 8 an odd prime number, when the &h roots of unity are in k, 
we show that the e-primary torsion subgroup of K*/E; . . . E,* is of bounded exponent 
(Corollary 6.2) and that this subgroup is finite if r = 2 (Corollary 5.3). 
Similar (but weaker) finiteness results in the case r = 2 were first arrived at by 
recourse to Picard groups of singular curves [9,20]. 
The point of the present paper is to get at these finiteness results (and obtain the 
stronger ones mentioned above- in particular, results relating to the finiteness of the 
torsion subgroup and to the triviality of the p-torsion subgroup) in a direct fashion- 
essentially by means of Galois cohomology and such standard tools as Hilbert’s theorem 
90 (of course, the results on fields finitely generated over the prime field also make 
use of deep classical results). Given k, K, Ei (i = 1,. . . , r) as above, L/k the Galois 
closure of K/k, and G = Gal(L/k), there are naturally associated G-modules of finite 
type S and T (see Section 2), and the quotient K’/E; . . ‘E,? is related to the Galois 
cohomology of some associated G-modules. For r = 2, the finiteness theorems follow 
from purely algebraic facts: the module T is torsion-free and S is a permutation lattice 
(Theorem 2.6; see also Theorem 3.6). 
The abelian groups K*jE; . . . E,* have also been studied in other papers [2,5,7, 
8,17,19]. In those papers, the emphasis is on the torsion-free rank of the abelian 
group K*/E; . . . E,? (the starting point being Brandis’ result that if k is infinite, then 
the quotient K*/k* is not finitely generated). If r 5 2, then this quotient has infinite 
torsionfree rank (see [19,1.2], [7,5.5] or Theorem 5.10). If r > 3, then there are 
examples with this quotient trivial, infinite torsion or of infinite torsionfree rank (see 
[7] and Sections 4,6 and 7 below for various examples). 
We first study the problem in the more general setting of a finite group acting on a 
module. Let G be a finite group and A4 a ZG-module. Let %? be a family of subgroups 
Cl,..., C, of G with D a subgroup of the intersection. Let MH denote the fixed points of 
H on M. Let A(M) = A&M) = Cr==,MG cMD. We study the abelian group structure 
of MD/A(M) and in particular its torsion subgroup. If r = 2 and H = (Cl, Cz), we 
show that the structure of the torsion subgroup depends upon H’(H,M) and the torsion 
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subgroup of M. If both these groups are finite, then the torsion subgroup of MD/A(M) 
is finite (Corollary 2.8). 
In Section 5 (for the case of two subfields) and Section 6 (for the general case), we 
use the group theoretic results (applied to Galois groups) together with cohomological 
information about fields to obtain the main results on fields mentioned above. In Section 
7, we outline another approach to the case of fields finitely generated over the prime 
field. 
In a sequel [6], we will explore the relationship between some of the results estab- 
lished here and Picard groups. 
2. Fixed points on modules 
Fix a finite group G. Unless noted otherwise, all G-modules will be left G-modules 
and all tensor products will be over Z. Recall that if M and N are G-modules, then so 
are M@N (with g(m@‘n) = gm@gn) and Homz(M,N) (with (gf)(m) = g(f(g-‘m)). 
If A is a subgroup of G, let XA denote the ZG permutation lattice on the left cosets 
of A (note that & is just the induced module Z[G/A] = ZG C&Q Z. If g E G, let g 
denote the left coset gA. If M is a G-module, let MC denote the fixed points of G 
on M. Note that if M is any G-module, then MA and (M @ &)’ can be naturally 
identified as abelian groups via x + C gx @ S, where the sum is over a set of coset 
representatives for the left cosets of A. 
If A C B are subgroups of G, then there is a homomorphism cp = (PA$ of G-sets from 
G/A onto G/B (given by cp(gA) = gB). This induces a homomorphism (which we also 
denote by cp) from & onto Xs. Let y = Y&r : & ---f & be the map on the duals 
induced by cp (note any permutation lattice is self dual). Explicitly, y(gB) = Cf==,gbiA, 
where bl,... , b, are left coset representatives for B/A. For example, if A = 1 and 
B = H, then the map Z[G/H] + Z[G] is the G-map which sends 1 to NH := ChE~h. 
Note that y is a split injection of abelian groups. 
If M is any ZG-module, then there is an induced injection 1 @y : MC%!& 4 M@XA. 
This induces a mapping on G-fixed points and via the identification above induces the 
inclusion MB + MA. 
The maps y and q induce the short exact sequences 
We note that V’ is a free abelian group of rank [G : A] - [G : B]. Since (1) and 
(1’) are dual to one another, the same is true for V. 
Since (1) is split exact as a sequence of abelian groups, we can tensor with any 
ZG-module M and obtain: 
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and in fact N = M @ Y-similarly, if M is torsionfree, then M @ Y injects into M @X, 
and so N = M @ Y. Thus (8) yields: 
0 + NG//l(M) 4 H’(G,M @S) + 6 H’(Ci,M). (8’) 
i=l 
Tensoring M with (6) yields the short exact sequence: 
O+N+M@XD+M@T+O. 
Taking G-fixed points yields: 
(9) 
0 + NG --) MD + (M @ T)G 4 H’(G,N) + H’(D,M), (10) 
and 
0 + MD/NG + (M @ T)G + H’(G,M @ Y) -+ H’(D,M). (10’) 
Set Ml = NG. By (IO’), MD/Ml embeds into (MB T)G. By (8’), Ml/A(M) embeds 
into H’ (G, M @ S) (and in particular is a torsion group of exponent dividing 1 GI ). 
Thus: 
Theorem 2.2. Let G be a finite group with subgroups Ci, 1 5 i 5 r. Let D be a 
subgroup of n,Ci. Let the G-modules S and T be dejned as in (4). Let M be a ZG- 
module and assume that either M or T is Z-torsionfree. Let A(M) = C;==,Mc~ cMD. 
Then there exists a subgroup Ml of MD containing A(M) such that 
(a) MD/Ml embeds into (M @ T)G c(M @ T), and 
(b) Ml/A(M) embeds into H’(G,M 8s). 
A G-module M is called coflasque if H’(C,M) = 0 for all subgroups C of the finite 
group G. Permutation lattices are coflasque (by Shapiro’s Lemma). If M is any abelian 
group, let ,u(M) = M,,, be its torsion subgroup. 
Corollary 2.3. Keep notation and assumptions as in the previous theorem. 
(a) If T is torsionfree and the torsion subgroup of M has exponent d, then the 
torsion subgroup of MD/A(M) has exponent dividing de, where H’(G,M 8 S) has 
exponent e. Note that e always divides IGI. 
(b) If T or M is torsionfree and H’(G,M @ S) = 0, then MD/A(M) embeds into 
(M @ T)G c(M @ T). If in addition, T is torsionfree, then p(MD/A(M)) embeds into 
(P(M) @ T)G. 
(c) IfM and T are both torsionfree, then the torsion subgroup of MD/A(M) embeds 
into H’(G,M 8s). 
(d) If M is torsionfree, then the torsion subgroup of MD/l(M) has exponent di- 
viding te, where t is the exponent of the torsion subgroup of T and e is the exponent 
of H’(G,M @ S). 
(e) If M is torsionfree and cojasque and T is torsionfree, then the torsion subgroup 
of MD/A(M) is isomorphic to H’(G,M @ S). In particular, if M = XC for some 
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subgroup C of G and T is torsionfree, then the torsion subgroup of MD/A(M) is 
isomorphic to H’(C, S). 
(f) If M = ZG, then MD/l(M) g T. 
(g) Zf T = 0 and D = 1, th en M/A(M) embeds into H’(G,M I% S). If, in addition, 
M is cojlasque, then M = A(M). 
Proof. (a)-(d) are immediate consequences of the previous theorem. Assume that both 
M and T are torsionfree and that M is coflasque. By (lo’), MD jNG is torsionfree and so 
the torsion subgroup is isomorphic to NG/A(M). Since M is coflasque, H’(G,M@X) = 
0 and so (8’) yields NG/A(M) %’ H’(G,M @ S). This proves the first assertion of (e). 
The last statement of (e) now follows by Shapiro’s Lemma. 
Now consider the case M = ZG. Since H’(G,M @S) = 0, (8’) implies that NG = 
A(M). Since H’(G,M@ Y) = 0, it follows from (10’) that MD/A(M) ” (M@T)G E T. 
If T = 0 and D = 1, then M = MD = Ml. Thus, the first statement follows from 
the previous theorem. Moreover, (4) splits when T = 0 and D = 1. It follows that 
S is a summand of &, and so if M is coflasque, then H’(G,M @I S) = 0. Thus (g) 
follows. 0 
In general, given a family of subgroups as above, T is not torsionfree. Moreover, 
there is little reason to expect that H’(G,M @ S) should be 0. We note, however, that 
S satisfies: 
Theorem 2.4. Let S be dejined as in (4). Then H’(G, S) = 0. 
Proof. By taking fixed points on (5) and using H’(G,X) = 0, we see that it suffices to 
show that r(XG) = YG. This in turn follows from the fact that yi induces a surjection 
of the rank-one submodule (XC,)~ to (XD)~. 0 
We will show below (Example 2.9) that S need not always be coflasque (even if T 
is torsionfree). See Corollary 2.3(e) above and Theorem 7.2 for the relevance of this 
condition. When r = 1, S = 0. In the case of two subgroups, the groups S and T are 
still quite controlled, as we shall now see. 
So keep notation as above and assume r = 2. Set H = (Cl, Cz). We will prove 
that in this case T is torsionfree and that S 2 XH (and in particular is coflasque). See 
Section 3 for a different proof. We first prove that T is torsionfree. 
Proposition 2.5. Let r be a fmite G-set. Set H = (Cl, Cz). Set s = t + u - VI - ~2, 
where t = Irl, Ci has vi orbits on r and H has u orbits on r. 
(a) Let M be the ZG-permutation lattice on r. Then M/(Mcl + MC’) is free of 
rank s. 
(b) Let U be an abelian group. Let W be the abelian group of functions from r 
to U viewed as a G-module via its action on r. (So W = U x . . . x U and G acts 
via permuting the coordinates.) Then W/( WC1 + Wc2) % Us. 
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Thus Theorem 2.2 always applies when Y = 2. By Shapiro’s Lemma, we have 
H’(G,M @XH) %’ H’(H,M). Theorem 2.2 gives: 
Theorem 2.7. Let D, Cl, Cz be subgroups of the jinite group G with D c Cl n C2. Set 
H = (Cl, Cz). There exists a short exact sequence of abelian groups 
o--+ U+MD/(MC’+MC2)+ v-+0, 
where U is a subgroup of H’(H,M) and V is a subgroup of MS, where s is the 
integer de$ned in Theorem 2.6. 
Corollary 2.8. Let D, Cl, C2 be subgroups of the jinite group G with D G Cl f’ C2. 
Set H = (C1,Cz). 
(a) If H’(H,M) = 0, then MD/(Mc’ + MC’) embeds into Ms. If, moreover, M is 
torsionfree, then so is MD/(Mcl + MC2 ). 
(b) If H’(H,M) is jinite and the torsion subgroup of M is finite, then the torsion 
subgroup of MD/(Mcl + MC’) is jinite. 
We will consider applications to fields in later sections. Let us just point out that 
Corollary 2.8(a) applies when M is the multiplicative group of a field and G is a finite 
group of field automorphisms. 
We now give an example where S is not coflasque but T is torsionfree. 
Example 2.9. Let G be an elementary abelian group of order 8 with generators xi, 1 < 
i < 3. Set Ci = (xi) and D = 1. Let C = (y), where y = ~1~2.~3. Let S and T be 
defined by (4). 
(a) T is an infinite cyclic group and g acts via multiplication by p(g), where p is 
the character on G with p(xi) = -1 for all i. 
(b) IH’(C,S)l = 2. 
Proof. Keep notation as in (4). Let Y be the image of y. Consider the basis 1,x1,x2, 
x1x2,x3,x1x3, ~2x3, y for ZG, and the bases for Xi in compatible order. Then the matrix 
of y with respect to these bases is 
f 100010001000 
100001000100 
010010000010 
010001000001 
001000101000 
001000010100 
000100100010 
\ 000100010001 
It is straightforward to compute that the rank of this matrix is 7 modulo p for every 
prime p (if p is odd, then Y/pY is complemented by the one-dimensional irreducible 
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representation with character p-if p = 2, then one computes directly that the matrix 
has rank 7). It follows that Y is an abelian group summand of ZG of rank 7. Thus 
T is infinite cyclic. Since the irreducible representation of G with character p is not a 
constituent of X, it must occur on T. Thus (a) holds. 
Since TC = 0, it follows that Yc = (ZG)‘. A straightforward computation shows 
that ]YC/y(XC)I = 2 (indeed, to see that y(XC) # Yc, just observe that E(~(w)) E 0 
(mod 4) for every w E Xc, but E( 1 + y) = 2, where E : ZG + Z is the augmentation 
map-thus, 1 + y E Yc - y(X’)). Consider the sequence (5). Taking C-fixed points 
yields: 
04s c -bXCLYC -+ H’(C,S) + H’(C,X) = 0. 
Thus, H’(C,S) E YC/y(XC) and (b) follows. 0 
The next result shows that in some cases with r 2 3, S may be collasque. A ZG- 
lattice is called invertible if it is a summand of a permutation lattice. Since permutation 
lattices are coflasque, so are invertible lattices. 
Proposition 2.10. Let Cl,. . . , C, be subgroups of G. Let S and T be defined by (4). 
(a) Assume that G = CiCj for each i # j. Then S is a trivial ZG-lattice of 
rank r - 1. 
(b) If D = 1 and T = 0, then S is invertible. 
Proof. (a) It suffices to prove that G acts trivially on S@Q and that this vector space 
has dimension r - 1. The hypothesis implies that Q[G/Ci] and Q[G/Cj] have only the 
trivial irreducible constituent in common. Since each yi is injective, this implies that 
S @ Q contains no nontrivial constituents. It remains only to compute the dimension. 
Since Q[G/D] has only a one-dimensional fixed space which is in the image of y, the 
result follows. 
Sequence (4) splits for T = 0 and D = 1. Thus (b) follows. 0 
Part (a) of the previous result applies when the Ci are any collection of maximal 
subgroups of a nilpotent group G or more generally any collection of pairwise non- 
conjugate maximal subgroups of a solvable group G (see [ 1, Corollary 11). 
If the Ci are the collection of all nontrivial subgroups of G, then T is quite often 
zero. In particular, this is true for G any nonabelian simple group. See [7, Section 41. 
Lemma 2.11. Let M be a ZG-module. Let f : M + M @ ZG be the injective G- 
module map defined by f(m) = CgEa m @ g. Let F be any additive functor from 
G-modules to abelian groups. Then f induces the natural map x from F(M) to 
F(M @ ZG) and ker(n) has exponent dividing ]G]. 
Proof. Let IG] = n. The composite G-map 
Z --+ Z[G] --+ Z 
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(the first map is the norm, the second the augmentation map) is multiplication by 
it. Now tensor this sequence by any G-module M. The composite map is still mul- 
tiplication by n. Since F is additive, the composite map F(M) -+ F(M @ ZG) + 
F(M) is multiplication by n, and the kernel of the map F(M) + F(M @ ZG) is 
killed by n. 0 
Later (see Proposition 6.3) we will apply the previous result to the fimctor F defined 
by F(M) = MD/A(M). 
We now investigate to what extent the torsion subgroup of M/I(M) is determined 
by the torsion subgroup of M. We first prove an easy cohomological result. Recall 
that a group is locally 9 for some property 9 if every finitely generated subgroup has 
property 9. We use the notation D’G for the ith derived group of D. 
Lemma 2.12. Let G be a finite group. Let M be a ZG-module which is locally d- 
generated as an abelian group. Let K be a normal subgroup of G acting trivially on 
M. 
(a) H’(G,M) isjnite and has order dividing IG/D’Kld. 
(b) Ifd = 1, then H’(G,M) has$nite order dividing lG/D2Gl. 
Proof. Recall that if H is a normal subgroup of G, then one has the restriction-inflation 
exact sequence (cf. [ 18, Proposition 4, p. 1171) 
0 + H’(G/H,Mn) -+ H’(G,M) --+ H’(H,M)? 
Set R = H1 (G, M). We first prove the apparently weaker result that 1 RI divides 1 G Id. 
We prove this by induction on ]GI. First assume that G = (g) is cyclic of order m. 
Then it is straightforward to show that R is isomorphic to a subgroup of M/(g - l)M 
(a derivation 6 of G into M is determined by 6(g); 6 is inner if and only if S(g) 
E (g - l)M). Since R has exponent dividing m, it embeds into the m-torsion subgroup 
of M/(g - l)M. Since M is locally d-generated, the same is true of M/(g - l)M. In 
particular, the m-torsion subgroup has order dividing md and the result holds in this 
case. 
The result now holds for any solvable group by induction and the restriction-inflation 
sequence above. 
Since R is a torsion group, it suffices to consider the p-primary subgroup R(p) of 
R for each prime p. Then res : R(p) + H’(P,M) is injective for a Sylow p-subgroup 
P of G (cf. [3, 10.3, p. 841). Thus, we have proved IH’(G,M)I divides ]Gld. 
We now prove (a). Apply the restriction-inflation sequence with H = K. Then it 
follows that IRI divides 
Since K acts trivially on M, H’ (K,M)G 2 Hom(K/DK,M)G. Now (a) follows from 
the facts that IHom(K/DK,M)I divides IK/DKld (this reduces to the case K is cyclic) 
and that IH’(G/K,M)I divides [G/Kid. 
J.-L. Colliot-Thkkne et al. I Journal of Pure and Applied Algebra 106 (1996) 233-262 243 
Finally assume d = 1. Thus D’G acts trivially on M (the automorphism group of a 
locally cyclic group is abelian). Thus (a) with K = D’G implies (b). 0 
Let G be a finite group with subgroups Cl,. . . , C, and D c ni Ci. Let S and T be 
defined as in (4). Let M be a G-module and let u(M) denote its torsion subgroup. 
Set L = M/u(M) and n : M 4 L. Let Mt = Mc and Li = L”. We conclude from the 
exact sequence 
0 * u(Mi) 4 Mi + Li -+ H’(Ci,p(M)) 
that there exists a sutjection I’ = eiVi + (A(L)/n(A(M)) where I’i is a subgroup of 
H’(Ci,p(M)). In particular, (I(L)/z(l(M)) is a torsion group and so is a subgroup of 
J := (LD/@(M)),,. 
Set R equal to the cokemel of the natural map 
f : P(M%WM)) -+ (M%(M)),,. 
So R 2 (Mn/(n(M) f p(MD))& is isomorphic (via the map induced by n) to a 
subgroup of J. 
Now consider the short exact sequence 
0 --) I(L)/n(l(M)) + J --) (Lb/n(L)),, -+ 0. (*) 
The left-hand group is a homomorphic image of V (and so has exponent dividing 1 GO, 
and the right-hand group has exponent dividing t\ GI where t is the exponent of the 
torsion subgroup of T (Corollary 2.3(d)). Thus J (and so R) has exponent dividing 
tlGl*. So we have shown: 
Proposition 2.13. Let G be a jinite group with subgroups Ct, i = 1,. . . ,r, and 
D c niCi. Let M be a ZG-module with torsion subgroup u(M). The natural map 
has cokernel of jinite exponent dividing tlGl* where t is the exponent of the torsion 
subgroup of T (as in (4)). 
If T is torsionfree (e.g., if Y 5 2), then we can obtain more precise formulations 
of the previous result. In (*) above, it follows by Corollary 2.3(c) that the right-hand 
group is a subgroup of H’(G, L @ S). This yields: 
Theorem 2.14. Let G be a jinite group with subgroups Ci, i = 1,. . . , r, and D c ni Ci. 
Let H = (Cl,..., Cr). Let M be a ZG-module with torsion subgroup u(M). Let S 
and T be defined by (4). Assume that T is torsionfree (e.g., r 2 2). 
(a) The natural map 
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has cokernel R of exponent dividing IG12, and there exists a short exact sequence 
where V is a subgroup of @iH’(Ci,p(M)) and U is a subgroup of 
H’(G, (M/P(M)) @ 0 
(b) Zf all the cohomology groups in (a) are jinite, then jRI divides 
IH’(G,(M/AM)) WlH’(C~AM))l . . . IH’(C4M))I. 
(c) Zf r = 2 and the cohomology groups in (a) are jinite, then IRI divides 
(d) Zf r = 1, then R is a homomorphic image of H’(Cl, p(M)). In particular, 
if ,u(M) is locally d-generated, R has order dividing ICI Id. 
(e) Zfr = 1, D = 1 and Cl = G, then R” ker(H’(G,p(M)) + H’(G,M)). 
Proof. (a) and (b) are immediate consequences of (*) and our previous observations. 
If r = 2, then T is torsionfree and S = &, whence (c) follows from (b). If Y = 1, 
then (4) is essentially (l), and S = 0 and T is torsionfree. Thus (d) follows from (a), 
(b) and Lemma 2.12. 
(e) Under the hypotheses of (e), R = J and L/R(L) is torsionfree. Thus, by (*), 
R E LG/x(MG) and the result follows from the long cohomology sequence. 0 
We close this section with a simple remark about the torsionfree rank of A&‘/&M). 
Since for this purpose we may replace M by Q @ M, we may assume that M is a 
QG-module. An immediate consequence of (8) and (10) is the following result. 
Proposition 2.15. Let M be a QG-module. 
(a) MD/A(M) E (M @ T)G. 
(b) Zf T is injinite (e.g., if r < 2) and M contains every irreducible QG-module, 
then MD/l(M) is nonzero. 
(c) Zf T is injinite and M contains every irreducible QG-module as a summand 
with injinite multiplicity, then MD/A(M) has injinite dimension over Q. 
Proof. We first apply (10). Since M and N are QG-modules, (10) reduces to a short 
exact sequence. Thus MD/NG E (M 63 T)G. Since H’(G,M 8 S) = 0, it follows from 
(8) that NG = I(M). Thus (a) holds. 
Assume that T is infinite. Let V be an irreducible QG-summand of Q @ T. By 
assumption, the dual V’ of V is a QG-summand of M. Thus (V* 153 V)G is a nonzero 
submodule of (M @I T)G. Now (b) follows from (a). 
If r 5 2, then T is infinite (see Theorem 2.6-the part of the proof showing that T 
has positive rank is quite easy). 
The proof of (c) is analogous to that of (b). 0 
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3. A dual approach 
There is a dual version of some of the results of the previous section. Instead of 
considering y : X + & in (4), we consider the dual map cp : & -+ X given explicitly 
by cp = (cpi, . . . , rp,), where Cpi = qD,C,. This yields the exact sequence: 
0 4 T’ + X, --+ X -+ S’ + 0. (11) 
Note that (11) is almost dual to (4). Indeed, they will be dual if S’ or T is torsionfree 
via the “duality” A4 + HomZ(A4,Z). If T is torsionfree, then (4) is split exact as a 
sequence of abelian groups. Therefore, applying this duality yields (1 1 ), which is also 
split exact as a sequence of abelian groups. Thus S’ is torsionfree. Similarly, if S’ is 
torsionfree, T is also torsionfree. So S’ is torsionfree if and only if T is torsionfree. 
In any case, the sequences become dual to one another after we tensor with Q. 
We can recover some of the previous results by applying the ftmctor Homo( . ,M). 
Note that Homc(Xi,M) can be identified with MC. Similarly, Homo(Xj,M) = MD. 
Thus, the map _& ---f X induces a map from Homo(X,M) + HOm&&,hf) and the 
cokernel of this map is MD/A(M). 
Let Y’ = &8$). It is convenient to break up (11) into short exact sequences: 
0 --+ Y’ + X --) s’ + 0, (12) 
O-+T’+XD+Y’+O. (13) 
Let A4 be a ZG-module. We apply the functor Homo( . ,M) to (12) and (13). This 
yields: 
0 -+ Homo(S’,M) -+ Homo(xM) + HomG(Y’,M) 
--) Extb(S’, M) + Ext,&(X,M) 
(14) 
and 
0 -+ Homo( Y’,M) -+ Homo(x&M) 4 Homo( T’,M) 
--+ Ext;(Y’,M) + EXt#-&). (15) 
The identification mentioned above and (14) and (15) yield the analogue of Theorem 
2.2. We can take Mi = Homo(Y’,M) in the next result. 
Theorem 3.1. Let G be a jinite group with subgroups Ci, 1 5 i < r. Let D be a 
subgroup of ni Ci. Let S’ and T’ be defmed as in (11). Let M be a ZG-module. 
Then there exists a subgroup Ml of MD containing A(M) such that 
(a) MD/A41 embeds into Homo(T’,M), 
(b) Ml/A(M) embeds into Ex&(S’,M), and 
(c) the cokernel of the embedding in (b) is isomorphic to a subgroup of Ex&(X,M). 
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If T (or equivalently S’) is torsionfree, then Theorems 3.1 and 2.2 give essentially 
identical information. 
Corollary 3.2. If M is torsionfree, then the torsion subgroup of M/A(M) is isomorphic 
to a subgroup of Ex&S’,M). 
Proof. Let Ml be as in Theorem 3.1. If M is torsionfree, then M/MD and Homo(T’,M) 
are both torsionfree. Thus, by 3.1(a) the torsion subgroup of M/A(M) is contained in 
Ml/A(M). The result follows from 3.1(b). 0 
One case which appears easier to deal with in this guise occurs when T’ = 0 (or 
equivalently T is finite). We first record: 
Lemma 3.3. The following conditions are equivalent: 
(i) T’ = ker cp = 0 in sequence (11); 
(ii) T in sequence (4) is jinite; 
(iii) Im(y) rl Z # 0, where Z c& = Z[G/D] via the obvious map 1 H i. 
Proof. The equivalence of (i) and (ii) follows from the fact that (4) and (11) become 
dual to one another after we tensor with Q. If T is finite, then Im(r) has finite index 
in XD. Thus (ii) implies (iii). Assume (iii) holds. Choose a nonzero integer n with ni 
in the image of y. Since i generates XD as a G-module, this implies that the image of 
y contains nxD and SO T is finite. 0 
Corollary 3.4. Assume that y : x -+ & has finite cokernel (or equivalently cp : & -+ 
X is injective). 
(a) MD/l(M) is isomorphic to a subgroup of Extk(S’,M). In particular, it is a 
torsion group. 
(b) If H’(Ci,M) = 0 for each i, then MD/J(M) ” Ex&(S’,M). 
Proof. (a) follows immediately from Theorem 3.1 (since T’ = 0, MD = Ml in the nota- 
tion of 3.1). Since Xi is a torsionfree abelian group, Extk(Xi, M) S’ H’(G, Homz(M,&)) 
(cf. [3, p. 611). Since Homz(M,&) g Homz(M,Z) @X as G-modules, it follows by 
Shapiro’s Lemma that Exth(Xi,M) 2 H’(Ci,M) = 0. Thus Extk(X,M) = 0. It now 
follows from Theorem 3.1(c) that MD/n(M) S Ex&(S’,M). 0 
Assume for the moment that D = 1 and the family {Ci} is the collection of all 
nontrivial subgroups of G (or all subgroups of prime order if G is not of prime 
order). This case has been studied in [7,8]. Corollary 3.4(b) for this case is essentially 
contained in [8, Proposition 3.51. 
Recall that a finite group G is called a Frobenius complement if there exists a 
nonzero QG-module V such that no nontrivial element of G fixes a nonzero element 
of V. In [7, Theorem 2.21 it was shown that T is torsion (or equivalently T’ is zero) 
if and only if G is not a Frobenius complement. In the notation of [7, Section 11, 
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I(G) is the image of y. Note that if the positive integer s E Z c Z[G] is in I(G), then 
s = CacNc, where the sum is over all subgroups of prime order in G, UC E ZG and 
NC = &cc. Applying this to any element m in the G-module M yields sm E n(M) 
for all m E M. Moreover [7, Theorem 3.11, when G is not a Frobenius complement, 
either T = 0 (i.e. I(G) = ZG and A4 = )b(M) for every M) or there exists a prime p 
such that T has exponent p or p2 (and so the same is true for M/A(M)). Note that 
if T = 0, then (4) splits as a sequence of G-modules (since D = 1). Thus S is a 
summand of a permutation lattice and is coflasque. In fact, one can show by a minor 
variation of the proof of Theorem 2.4 that for this collection of subgroups, S is always 
coflasque. 
As in Section 2, the case of at most two subgroups is particularly nice. If there is 
only one subgroup, one can pass freely between the two approaches by taking duals. 
See (1) and (1’). We first record: 
Lemma 3.5. Let A be a ring (with 1). Let 
f PAQ~R 
be a complex of A-modules. If, for every A-module M, the induced complex of abelian 
groups 
HomA(R,M) + HomA(Q,M) --t HomA(P,M) 
is exact, then the original complex is an exact sequence. 
Proof. Let M be any injective module containing N = ker(g)/f(P) (see [4, p. 91). 
Assume that N # 0 (and so M # 0). Since M is injective there exists h : Q ---f M 
with ker(h) n ker(g) = f(P). Thus h of = 0, but h # w o g for any w E HomA(R,M) 
(since h does not vanish on all of ker(g)). Thus the induced complex above with this 
M is not exact. ??
We now show that for the case of two subgroups (11) has a very nice form. In 
particular, S’ is torsionfree and the sequence is split exact as a sequence of abelian 
groups. Dualizing then yields a different (and perhaps easier) proof of Theorem 2.6. It is 
curious to note, however, that the dual approach does not seem to yield 
Theorem 2.4. 
Theorem 3.6. Let G be a jinite group with subgroups Cl, C2 and D 2 C, n c2. Let 
H = (Cl, C2). The exact sequence (11) is now: 
0 -+ T’ + Z[G/D] 4 Z[G/C,] @ Z[G/C2] + Z[G/H] --+ 0. (16) 
In particular, S’ is torsionfree. 
Proof. We have the obvious complex of G-modules 
Z[G/Dl -+ Z[Wd @ Z[W21+ Z[G/Hl, 
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where the first maps send the class gD to (gCi, gC2) and the second map sends 
(aCi, bC2) to aH - bH. Note that the last map is obviously surjective. 
For any G-module A4, the induced sequence via Homo( . ,M) is none other than 
with a suitable minus sign somewhere, and that sequence is obviously exact. It remains 
only to apply Lemma 3.5 to conclude that the sequence above is exact. All in all, this 
gives us the exact sequence (16) above (with the modification of a minus sign). 0 
We can also prove part of Proposition 2.5(a) from this approach. Simply start with 
the result of Theorem 2.6, and use H’(G, Z[G/H] @ M) = 0 if A4 is a permutation 
lattice. One then gets MD/(Mc’ + A@) C Homo(T’,M), which shows the left-hand 
quotient is free. 
4. The one subfield case 
If A is a ring with 1, let A* be its group of units. If K is any field, let p(K) be 
the group of roots of unity in K. Let p,, denote the group of nth roots of unity in an 
algebraic closure of K. Let ,un(K) be the group of nth roots of unity in K. 
We consider the structure of the torsion group of K*/F* for K a finite proper 
separable field extension of F. Let L be the Galois closure of K/F. Lemma 2.1, applied 
to the module L* with G the Galois group of L/F, yields the following: 
Proposition 4.1. Let K/F be a finite separable extension ofjields. Let L be the Galois 
closure of K/F. 
(a) K*jF* embeds into a direct product of [K : F] - 1 copies of L*. 
(b) The n-torsion subgroup is finite for all n, and there is no p-torsion tf K has 
positive characteristic p. 
(c) If p(L) is finite, then the torsion subgroup of K*/F* is finite. 
(d) If F is finitely generated over the prime field, then the torsion subgroup of 
K*/F* is Jinite. 
Proof. If L is finitely generated over its prime field P, then so is any subfield. In 
particular, the subfield P@(L)) is finitely generated and algebraic over P. This implies 
that p(L) is finite (if the characteristic is positive, this subfield is finite; if the character- 
istic is zero, this follows from the fact that the degrees of the cyclotomic polynomials 
tend to infinity). This yields the last assertion in Proposition 4.1. 0 
It may happen that the torsion subgroup of K*/F* is infinite. By Proposition 4.1 
this can happen only when p(L) is infinite. In particular, if K = C and F = R, then 
the torsion subgroup of K*/F* is infinite. We now construct another example. Let e 
be a prime, and let K = Q(8”) be the subfield of C generated by dd-th roots of 1 
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for all d. The automorphism group of K is the multiplicative group of units in the 
6’-adic integers (this is because the cyclotomic polynomials are irreducible over Q). 
In particular, there exists an automorphism of order e - 1. If e is odd, let F be the 
subfield fixed by this automorphism. Then F does not contain a root of unity of order 
8. We conclude that the (infinite) e-primary torsion subgroup of K* injects into the 
L-primary torsion subgroup of K*/F*. If L = 2, let F be the fixed field of complex 
conjugation. Then -1 is the only root of unity in F and the map from the 2-primary 
torsion subgroup of K* to the 2-primary torsion subgroup of K*/F* has kernel of 
order 2. Again, K*/F* has an infinite 2-primary torsion subgroup. There are analogous 
examples with fields of positive characteristic. 
We note that an example like the one above is impossible if I is odd and Poe C F 
(~4 C F when e = 2): 
Lemma 4.2. Let L/F be a jinite extension of fields of degree n. If 8 is an odd prime 
and pe cF, or tf e = 2 and p-lq c F, then the e-primary subgroup of p(L)/p(F) is 
finite and has order dividing n. 
Proof. Let U be the e-primary subgroup of p(F) and V the e-primary subgroup of 
,n(L). If U is infinite, then U = V and the result holds. So assume U is finite. Let 
rl E V - U. It suffices to show that n” E U. Let m be the smallest power of G such 
that qrn E U. By hypothesis, qM # f 1. It follows by [ 11, Theorem 5 l] that xm - qrn is 
irreducible over F. Thus min. 0 
Let G be a finite group of automorphisms of the field L. We need to know about 
the cohomology of the module L*/p(L). Since H’(G,L*) = 0 by Hilbert’s Theorem 
90, the long exact sequence for cohomology yields an injection: 
0 + H’(G,L*ML)) -+ H2(G, P(L)). 
Lemma 4.3. Let L be a field of characteristic p 2 0. Assume G is a finite group of 
automorphisms of L. 
(a) H’(G,L*/p(L)) is finite and its order is not divisible by p. 
(b) For i > 0, H’(G, ,u(L)) is finite and has order not divisible by p, 
(c) H’(G,p(L)) has order dividing lG/D2Gl. 
Proof. By the sequence preceding the lemma, (b) implies (a). We now prove (b). Let 
G be a prime and let U, be the e-primary component of p(L). Let Ze be the ring of 
e-adic integers and Qe its quotient field. If e does not divide the order of G, then 
H’(G, Ue) is a Ze-module annihilated by IG( and so is 0. If p > 0, then UP = 0 
and H’(G, UP) = 0. Since p(L) is the direct sum of its primary subgroups, it suffices 
to prove that H’(G, Ue) is finite for each prime 8 # p dividing the order of G. For 
each prime 8, the e-primary component of p(L) is either a finite (cyclic) group or is 
isomorphic (as abelian group) to the divisible group Qe/Z,. Since H’(G,M) is finite 
whenever M is a finitely generated G-module, we may assume that Uf S QelZ,. 
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Consider the exact sequence of ZeG-modules 
1 --f Ze(1) --+ QeU> --+ Qe(lYze(l) + 1, 
where Ze(l) is the projective limit of the Ze-modules pen(L) (with respect to the &h 
power map), Qe( 1) = Q 18 Ze( 1) and Qe( l)/Ze( 1) is the quotient, isomorphic to the 
group of e-primary roots of 1. (All d-primary roots of 1 are in L since we are assuming 
Ue is infmite.) As a sequence of Ze-modules, this sequence is isomorphic to 
0 + Ze --f Qe --) Q//Z/ + 0. 
But for i 2 1, H’(G,Q,( 1)) = 0 since this group is killed by the order of G and is 
also a Q/-vector space. Hence by the cohomology exact sequence 
ff’GQ,UYWW s @+‘W,zeU>> 
for i 1 1, and the right-hand group is a finitely generated Zc-module killed by the 
order of G, hence finite. 
Since ,u(L) is locally cyclic, (c) follows by Lemma 2.12(b). 17 
The next result shows that infinite torsion in K*/F* occurs precisely because of roots 
of unity. 
Theorem 4.4. Let K/F be a jinite proper separable extension of fields with Galois 
closure L. Let G be the Galois group of L/F. 
(a) The natural injection f : u(L)/u(F) -+ (L*/F*),, has cokernel isomorphic to 
the finite group H’( G, u(L)). 
(b) The natural injection h : u(K)/u(F) --+ (K*/F*),,, has jinite cokernel isomor- 
phic to a subgroup of the finite group H’(G, u(L)). 
(c) The torsion subgroup of K*fF* is finite if and only if p(K)/u(F) is finite. 
(d) If u(K) is jinite, then the torsion subgroup of KS/F* is jinite.In particular, this 
is true tf F is finitely generated over the prime jield. 
Proof. (a) follows from Theorem 2.14(e) and Hilbert’s Theorem 90. (b) follows from 
Theorem 2.14(d). Now (b) implies (c) and (d). ??
Recall that a group G is called metabelian if D2G = 1. 
We now have: 
Corollary 4.5. Let K/F be a Jinite separable extension of fields. Let L be the Galois 
closure of K/F. Let FI = F[p(K)] and F2 be the maximal metabelian extension of 
F contained in L. 
(a) If 8 is an odd prime and ut cF, then the e-primary subgroup of K*/F* is$nite 
and has order dividing [F, : F][F2 : F]. 
(b) If ~14 c F, then the 2-primary subgroup of K*/F* is finite and has order dividing 
[F, : F][F2 : F]. 
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Proof. Let / be a prime and set U to be the /-primary torsion subgroup of K*. Note 
that U c F1. If (a) holds with e odd or (b) with e = 2, it follows by Lemma 4.2 
that U/( U n F* ) has order dividing [F, : F]. Theorem 4.4 asserts that the cokemel of 
the map UJ(U n F*) into the e-primary torsion subgroup of K*/F* has order dividing 
IH’(G, p(L))]. By Lemma 4.3(c), this latter group has order dividing [Fz : F]. This 
proves (a) and (b). 0 
Let K/F be as above. Brandis [2] proved that if K is infinite, then K*JF* is not 
finitely generated. Davis and Maroscia [5] proved that it has infinite torsionfree rank 
unless K is algebraic over a finite field or K/F is purely inseparable. One reduces very 
quickly to the case that K/F is a finite separable extension. See also [16] for results 
about embeddings of tori. As we mentioned in the introduction (see also 6.7 below), 
under this hypothesis the analogous result is true for two subfields as well, but not 
necessarily true for three. If Ei, 1 < i 5 r, are proper intermediate subfields of the finite 
separable extension K/F with K not algebraic over a finite field, then K’/E;E,* has 
infinite torsionfree rank, but there are examples where K*/E;E,*E,* is trivial [7, 1.111, 
finite but nontrivial (see Example 6.6 below), infinite torsion [7, Theorem 1.53 or of 
infinite torsionfree rank. 
5. Two subfields 
By Hilbert’s Theorem 90, we know that if G is a finite group of automorphisms of 
the field L, then H’(G,L*) = 0. Thus Theorem 2.7 and Corollary 2.8 yield: 
Theorem 5.1. Let K/k be a finite separable extension of ftelds. Let El and E2 be 
intermediate fields with F = El n Ez. Let L be the Galois closure of K/k. 
(a) For each positive integer n, the n-torsion subgroup of K*/E;E$ is finite and 
has order dividing I,u,,(L)I’, where s = [K : F] + 1 - [El : F] - [Ez : F]. 
(b) If p(L) is finite, then the torsion subgroup of K*/ETE; is finite. 
(c) There is no p-torsion in K*/E;E,* if k has positive characteristic p. 
(d) If k is finitely generated over the prime field, then the torsion subgroup of 
K’/E;E; is finite. 
Proof. Let G be the Galois group of L/F. Let Ci = Gal(L/Ei) and D = Gal(L/K). 
Since El f’E2 = F, G = (Cl, Cz). We apply Corollary 2.8 (note G = H in the notation 
of Corollary 2.8) to the G-module L’, Since H’(G, L* ) = 0, it follows that K*/ETE; 
embeds into (L*)s. Since p”(L) is cyclic and has no elements of order p if p is the 
characteristic of k, (a), (b) and (c) follow trivially. As for (d), it follows from (b) 
(since L is finitely generated over the prime field, ,u(L) is finite). I7 
Wiegand [20, Corollary 2.41 proved the finiteness result for (a) when n is not a 
multiple of the characteristic. Holley [9] was the first to prove Theorem 5.1(b) and 
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(d) for n not divisible by the characteristic of k. Both Wiegand and Holley depend 
upon the finiteness of the n-torsion in Picard groups of curves [20, Theorem 2.11. 
Their results give no information on the finiteness of the p-torsion when the field has 
positive characteristic p. 
We can actually do a bit better than Theorem 5.1 in estimating the size of the torsion 
subgroup of K*/ETE;. 
Theorem 5.2. Let K/k be a jnite separable extension of fields. Let El and E2 be 
intermediate fields. Let L be the Galois closure of K/k and G the Galois group of 
L/k. Then the natural map 
M : /.W/NS ME2 14 (K*/ETE; hors 
has finite kernel and cokernel. The cokernel has exponent dividing IG12. The kernel 
is cyclic of order dividing IH’(G,p(L))j. In particular, its order divides [G/D2Gj. 
Proof. The fact that the cokemel has exponent dividing /G12 follows from 
Proposition 2.13 (see also 2.14 (a)) and from the fact that T is torsionfree. The finite- 
ness of the cokemel follows from Lemma 4.3 and Theorem 2.14(c). 
Now we prove that the kernel is finite. Let F = El n E2. If x E ,a(K) corresponds 
to an element of the kernel of CC, then x = yz with y E El and z E E2. Suppose 
x” = 1. Thus y” = z-” E F and so y is a torsion element in ET/F* and z is a torsion 
element in E,*/F*. By Theorem 4.4, the torsion subgroup of (E,*/F*p(Ei)) has finite 
order di dividing IH’(G, u(L))I. Let d be the least common multiple of the di. Then 
yd E p(E1)F* and zd E ,a(Ez)F*, and so xd = ydzd E (p(El),n(E2)F*) fl p(K) = 
p(El),n(E2). Thus the kernel has finite exponent dividing IH’(G, p(L))I, which divides 
lG/D2GI by Lemma 4.3(c). 
The kernel is a subgroup of a homomorphic image of p(K). Every finitely generated 
subgroup of p(K) is cyclic and so the same is true for the kernel. Thus every finitely 
generated subgroup of the kernel is cyclic of order dividing d, and so the same is true 
for the entire kernel. 0 
Corollary 5.3. Let K/k be a finite separable field extension. Let El and E2 be sub- 
fields of K each containing k. 
(a) If p(K)/p(El)p(E~) is finite, then the torsion subgroup of KS/EYE,* has finite 
order not divisible by the characteristic of k. In particular, this is true tf k is finitely 
generated over the prime field. 
(b) If k contains pe (4 odd) or ~4 (e = 2), then the e-primary torsion subgroup 
of K’/ErE,* is finite. 
Proof. The finiteness statement in (a) is an immediate consequence of the previous 
theorem. The fact that the order is not divisible by the characteristic of k follows from 
Theorem 5.1. Statement (b) follows from Theorem 5.2 and Lemma 4.2. 0 
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A version of Theorem 5.1 holds in a more general situation. While Galois theory 
does not apply directly to (commutative) semisimple rings, it does to an extent that is 
sufficient for our purposes. Since the approach is so elementary, we include the next 
result. Most of it could be derived from the more general Galois theory of semiprime 
or artinian rings (cf. [12] and [15]). If K is a commutative finite-dimensional algebra 
over the field k, then K/k is separable if and only if K is a direct product of fields 
each of which is separable over k. 
Proposition 5.4. Let k be a Jield. Let K be a finite-dimensional separable k-algebra. 
(a) There exists a finite-dimensional extension L of k containing K such that LG = 
k, where G = Autk(L) with G finite. 
(b) If E is a k-subalgebra of L, then there exists a subgroup C of G such that 
LC=E. 
(c) Zf H is a subgroup of G, then H’(H,L’) is$nite and its order is not divisible by 
the characteristic of k. Indeed, tf we assume that H acts transitively on the primitive 
idempotents of L, then H’(H,L*) is isomorphic to a subgroup of the abelianization 
of a subgroup of H. 
(d) Let u(L) denote the torsion subgroup of L*. Then H’(H,L*/u(L)) is finite and 
its order is not divisible by the characteristic of k. 
Proof. Let ei, 1 < i < d be the primitive idempotents of K. Let Ki = Kei. We may 
assume that each Ki is contained in a given algebraic closure of k. Choose F a finite 
dimensional Galois extension of k containing each Ki. Set L = Fe, x . ’ . x Fed. Then 
G = Autk(L) = Autk(F) I& is finite and LG = k. Thus (a) holds. 
We now prove (b) by induction on d. If d = 1, the result follows by the Galois 
correspondence theorem. If E contains nontrivial idempotents, then L decomposes with 
respect to these idempotents and the result follows by induction. So we may assume 
that E is a field. 
Since E is a field, it is isomorphic (over k) to its first projection El. Thus, there 
exist oi E Autk(F) (with crt the identity) such that 
E = {(o,(u), . . . ,(id(u)) : u E El}. 
Let C be the subgroup of G fixing E pointwise. If p E G is any element acting via 
permutation of the coordinates and ri E Autk(F), then ~(71,. . . , rd) fixes E pointwise 
if and only if rp(i)O,(i) = Oi on El. 
Let E’ be the subalgebra fixed pointwise by C. By the previous paragraph, C acts 
transitively on the set of primitive idempotents of L and so E’ must be a field. Thus 
E’ c F’ := {(q(u), . . . ,od(u)) : u E F}, which is k-isomorphic to F. 
By the remarks above, the group J of automorphisms which stabilize F’ induces the 
full group of automorphisms Autk(F’) on F’ and by the usual Galois correspondence, 
C n J is trivial on no larger subfield of F’ than E. Thus E = E’ as desired. 
It remains only to prove the cohomology statements. Clearly, we may assume that H 
is transitive on the primitive idempotents of L. Let B be the subgroup of H stabilizing 
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a primitive idempotent e of L. Then Le S’ F and L’ is isomorphic to the induced 
module (F’);. Hence, by Shapiro’s Lemma, H’(II,L*) g H’(B,F*). Let A be the 
subgroup of B acting trivially on F. Since H’(B/A,F*) = 0 (by Hilbert’s Theorem 
90), it follows that H’(B, F*) embeds into Horn&F*) = Horn&t, u(F)). Since u(F) 
is a locally cyclic group containing no elements of order equal to the characteristic of 
k, (c) follows. 
Let A4 = L*/p(L). As above, H’(H,M) = H’(B,F*/u(F)). Since F*/u(F) is tor- 
sionfree, it follows that H’(B,F*/u(F)) g H’(B/A,F*/u(F)). This latter group is a 
finite group whose order is not divisible by the characteristic of k by Lemma 4.3. 0 
If K/k is a finite-dimensional separable extension, a Galois closure of K/k is a 
separable finite-dimensional extension L/k such that K CL, LG = k for G = Autk(L), 
and no proper k-subalgebra of L satisfies those two conditions. Note that the previous 
result shows that Galois closures exist (and there is a uniqueness statement as well 
which we do not need). We can now apply the methods used to consider the field case. 
If K/k is a finite dimensional separable extension and E is an intermediate k-algebra, 
we can view E* as the fixed points of a finite group G acting on L’, where L is a 
Galois closure of K/k. This module has most of the properties as in the field case (in 
particular, although H’(G, L’) need not be zero, it is still finite, the m-torsion subgroup 
of L* is finite, every finitely generated subgroup of u(L) is generated by at most d 
elements (where d is the number of primitive idempotents in K), and H’(G,L*/u(L)) 
is finite). These results, in conjunction with the proofs above, yield: 
Theorem 5.5. Let k be a field and K/k a finite-dimensional separable extension. Let 
El and E2 be k-subalgebras of K. Let J be the torsion subgroup of K*/E;E,’ and J,, 
the elements of J whose order divides n. Then 
(a) J,, is jinite. 
(b) Jr, = 0, if k has positive characteristic p. 
(c) If u(K) is finite, then J is jnite. 
(d) If k is finitely generated over the prime field, then J is finite. 
(e) The natural map ,u(K)/~(EI)~(Ez) -+ (K*/EFE,*),,, has finite cokernel. 
The example with K = C x C and k the diagonal shows that even over algebraically 
closed fields we cannot expect finite torsion in K*/k*. 
If we replace the assumption of separability by semisimplicity (i.e., K is a finite- 
dimensional commutative k-algebra which is a direct product of fields), most of the 
previous results apply. Assume k has positive characteristic p. If F is a k-subalgebra of 
K, let F, denote the subalgebra of k-separable elements of F. Note F*/F,* is a p-group 
of finite exponent (because of the finite dimensionality). Then, K,“/(El)J(Ez)f maps 
into K*/ETE,*. Since the group on the left has no elements of order p, it follows that 
this map is an embedding. The cokemel is a p-group of finite exponent. Thus K*/E;E,* 
is the direct sum of a p-group of finite exponent and K,*/(El)b(Ez):. This latter group 
satisfies the conclusions of Theorem 5.5. Thus: 
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Restrict f to L* (with the nontrivial action of G). So f injects L’ into W := L*@ZG 
via y --+ y@No, where N, = CSEog. This induces a homomorphism of abelian groups 
T: L*/E;-.E; + w/(wcl +...+ WC?). 
If r = 2, then recall (Theorem 2.6) that in sequence (4), S is a permutation lattice 
and T is torsionfree. It follows easily from (10’) for both L* and W and the fact that 
H’(G,L* cs S) = H’(G, W @S) = 0 that the kernel of f is 0. 
If r > 2, we can apply Lemma 2.11. Thus, we have: 
Proposition 6.3. The map f de$ned above is an injection if r 5 2. In general, the 
kernel of T has Jinite exponent dividing IGJ. 
We now consider a modified version of the approach in [9]. Let K/k be a finite 
separable extension of fields with proper intermediate fields El and E2. Let P be a 
maximal ideal of B = Ez[X] with BfP !S K. Let A be the subring of B containing P 
with A/P 2 El. Then B is the normalization of A and P is the conductor of A. Since 
Pit(B) is trivial, it follows that Pit(A) = D(A) 2 K*/E;E,*. Thus results about Picard 
groups can be applied to this group. 
We may assume that k is a maximal subfield of A. Let L be the Galois closure of 
K/k and G the Galois group of Lfk. Set R = A @k L. Then 
Pit(R) 2 (K 8.k L)*/(El @k L)*(Ez @k L)‘. 
As in Section 6, we can identify these terms as the fixed points of certain subgroups 
of G where G is acting on (L @k L)*. This last module is isomorphic to L* @ ZG as 
a G-module. Thus, by Proposition 2.5(b), Pit(R) is isomorphic to a finite direct sum 
of copies of L*. In particular, the n-torsion subgroup of Pit(R) is finite for all n 2 1. 
Let J be the kernel of the map from Pit(A) to Pit(R). It is straightforward to compute 
that J has exponent dividing IGI. If the order of G is not divisible by the characteristic 
of k, then [20, Theorem 2.11 applies and the kernel is finite. More generally, if m is 
not a multiple of the characteristic of k, [20, Theorem 2.11 implies that the m-torsion 
subgroup of J is finite. Thus, if m is not a multiple of the characteristic of k, the 
m-torsion subgroup of Pit(A) is finite. 
However, we have seen (Proposition 6.3) that in fact J is trivial. This already yields 
an improvement of [9] -showing that there is no p-torsion in Pit(A) 2 K*/ETE,* and 
that the m-torsion subgroup is finite for all m 2 1. 
The finiteness of the kernel of7 also is closely related to the question of whether or 
not S in the sequence (4) is coflasque. This is particularly evident for finitely generated 
fields (Theorem 7.2). 
We now produce an explicit example with the kernel of? finite but nontrivial. 
Example 6.4. Let L/k be a Galois extension of degree 4 with Galois group 
G = Z/2 x Z/2. Let Ei, 1 5 i 5 3, be the three quadratic subfields. Let N be the 
norm map from L to k. Let J = ker(7). 
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(a) Then J maps onto N(L*) fl L*2/k*2. In particular, J may be nontrivial. 
(b) If k is finitely generated over the prime field, then L*/E;E,*E; is an infinite 
group of exponent 2 and J is finite. 
Proof. Let Ni be the norm map from Ei to k. If x E L*, then f(x) = x @ No. We can 
identify W with L* 8 ZG where G acts trivially on L*, via x @ g + g-‘(x) 18 g. With 
this identification, f(x) = C,g-i(x) @ g. If h E G, then 
Wh= -&@g:a,,,=a, 
9 
and so the product of coordinates of any element of J(W) is a square in L. Conversely, 
it is straightforward to see that if w E W has that property, then w E n(W). 
Thus f(x) E n(W) if and only if N(x) is a square in L. On the other hand, if 
x E E;E;E,‘, then, obviously, N(x) is a square in k. 
Let R be the subgroup of L* consisting of those elements whose norm is a square 
in L. The previous paragraph shows that J Z R/E;E,*E,* and that N(A(L*)) 2 k*2. This 
proves the first assertion of (a). 
Consider the special case k = Q and L = Q(i, 4). If x = 1 + i + a, N(x) = 8 is 
a square in L but not in k. Thus J is nontrivial. This completes the proof of (a). 
(b) If x E L*, then x2N(x) = n ,PgEGxg(x) E E;E;E,* and so L*/E;E,*E,* is a group 
of exponent 2 and so certainly the kernel is as well. If L is finitely generated over the 
prime field, then the methods of the next section show that L* is a direct sum of a 
finitely generated G-module and permutation lattices. It follows from Proposition 2.10 
that in the case under discussion S (as in (4)) is a rank-two trivial G-module. It is 
straightforward (using the methods of Section 7, the structure of S and sequence (10’) 
for M = L* and A4 = W) to show that the kernel is finite. 
We note that k is not an algebraic extension of a finite field since G is not cyclic. It 
follows from [7, (1.5)(c), (1.6), (1.8)] that L*/E;E,*E,” is an infinite group of exponent 
2. 0 
Using Example 2.9 and the methods of Section 7, we can produce fields where 
ker(T) is infinite. 
Example 6.5. Let L/k be a Galois extension of number fields with Galois group G 
elementary abelian of order 8. Let Ei, 1 5 i < 3 be intermediate fields with [L : Ei] = 2 
and k = El n E2 n E3. Then ker(f) is infinite. 
Proof. As above, 7 maps L*/E,fE,*E,* to L*@ZG/l(L*@ZG). It is straightforward from 
the methods of Section 2 to show that the kernel of the map Z[G/H]/A( Z[G/H]) -+ 
W[G/W @ Z[GlYW[Wl @ ZiGI) is isomorphic to H’(H,S). By Example 2.9, 
there is a cyclic subgroup C of G with H’(C, S) nonzero. Since Z[G/C] occurs as a 
summand of L* infinitely often (see Section 7), it follows that ker(T) is infinite. 0 
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We next give an example with K* jE;E; . . . E,* finite but nontrivial and K Galois 
over k = El fl. . . f~ E,. It follows from Section 7 below (proof of Theorem 7.2) that if 
K is finitely generated over the prime field, then the quotient being finitely generated 
implies that T = 0, whence the quotient is also trivial (under the assumption that K/k is 
Galois-see Corollary 2.3(g)). Al Sethuraman had suggested considering fields which 
are the intersection of a finite number of Henselizations. 
Example 6.6. Let q be a prime. There exists a field k of arbitrary characteristic p # q 
and a Galois extension K/k with Galois group Z/q x Z/q such that if El,. . . , E,. are all 
the intermediate extensions of K/k, then KS/E; . . . E,* is finite but nontrivial. 
Proof. Let F be an algebraically closed field of characteristic p for any p # q. 
Let qi be three distinct manic linear polynomials in F[x]. Let ai be the corresponding 
valuation. Let Fi be a Henselization of F(x) with respect to Vi. We also let ai denote 
the extension of Ui to Fi. Set k = F1 f? F2 n Fs. Let hi be a qth root of qi. Finally, set 
K = F[h2,h3]. Since ui(qj) = 6,, it follows that K/k is a Galois extension with Galois 
group G E Z/q x Z/q. 
Also, since the residue field of the valuation ring of Fi is algebraically closed, it 
follows that any element t of Fi with t.+(t) divisible by q is a qth power in Fi. Hence 
t E F is a qth power if and only Vi(t) is divisible by q for each i. In particular 
k*/(k*)q has order q3. It follows that K*/(K*)q is finite (this property is inherited by 
cyclic extensions of degree q-see [ 13, Corollary. 3.5, p. 2031 for the case q = 2-the 
proof given just above the corollary is valid for any prime). 
Let Ei, 1 < i < r, be the set of extensions of k of degree q contained in K. It follows 
by [7, 1.61 that (K*)q 5 E; . . . E,’ and so K*/ET . . f E,* is finite. 
Note that ui is unramified in K (since oi(g2) = ui(gs) = 0). Since the residue field 
is algebraically closed, this implies that vi splits completely from k to K. This yields 
a G-module surjection from K* to ZG (defined by n H (WI(X), . . . , wq2(x)) where the 
wi are the extensions of ui). It follows from [7, 1.61 that K*/E; . . . E,* is nontrivial (or 
from the observation that T has order q for any noncyclic abelian q-group). 0 
We close this section with some remarks about the torsionfree rank of KS/ET . . . E,*. 
These results are already in [7, Theorem 1.51. Since there is no harm in replacing 
Ei by its purely inseparable closure in K, we may assume that K is separable 
over Ei. 
Theorem 6.7. Let K/k be a jinite separable extension of Jields. Let El,. . . E, be 
proper intermediate sub$elds with k = El n . . . n E,. Assume that K is not alge- 
braic over a jnite jield. Then Q 8 (K*/ET . . . E,“) = 0 if T is jinite and has injinite 
dimension otherwise. In particular, if r 5 2, (K’IET . . . E,*) has injinite torsionfree 
rank. 
Proof. We apply Proposition 2.15 with M = L*, L the Galois closure of K/k. The key 
observation is that Q @ L* has a free QG submodule of infinite rank (see [7, proof 
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of 1.51; indeed the main result of [lo] is that Q @ L* is a free QG-module of rank 
equal to the cardinality of the field). If Y 5 2, then T is torsionfiee of positive rank 
(by Theorem 2.6), hence infinite. 0 
7. Finitely generated fields 
If k is finitely generated over the prime field, one can take a different approach. For 
the rest of this section, assume that k is such a field. Assume also that k is infinite. 
As usual K/k is a finite separable extension. Let L be the Galois closure. 
Choose a domain A finitely generated over Z and with quotient field L. If E is an 
intermediate field, set AE = A n E. Let Ei, i = 1,. . . , r be a collection of intermediate 
fields and set Ai = A n Ei. By inverting an element of A, we may assume that all 
Ai are regular. Classical and deep results due to Mordell, Weil, Severi and N&on 
imply (Roquette, see [14, Theorem. 6.6.21) that Pic(AC) is finitely generated for every 
subgroup C of G. So by inverting another element of A if necessary, we can assume 
that Pic(Ac) = 0 for each subgroup C and that A/(A n k) is unramified (i.e. the 
discriminant is a unit). 
Then (since Pit(A) = 0) we have the sequence 
0 -+ A* --) L* 4 l- -+ 0, 
where r is a direct sum of permutation lattices (corresponding to discrete rank-one 
valuations of L centered on height-one primes of A). 
Since Pic(Ac) = 0 and the extension A/AC is unramified, H’(C, A*) = 0 for any sub- 
group C. Since r is a direct sum of permutation lattices, this implies that Exth(T,A*) = 
0 and the sequence above is split exact as a sequence of G-modules. Thus 
K*/E; . . . E,’ 2 (A n K)*/A; . . . A; @ rD/(rs + . . . + I-“), 
where Ci is the subgroup of G acting trivially on Ei. 
Now assume that r I 2. Since r is a direct sum of permutation lattices, 
Proposition 2.5 implies that the torsion subgroup of L’/ETE; is isomorphic to the 
torsion subgroup of A*/ATA;. Since A* is finitely generated (see [14, 7.2, p. 421) we 
have proved a weakened version of Corollary 5.3: 
Theorem 7.1. If k is a field finitely generated over the prime field, K is a finite 
separable extension field of k and El and E2 are proper subfields of K/k, then K*/E;E; 
is a direct sum of a countably generated free abelian group and a finite group. In 
particular, the torsion subgroup of K*/E;E,* is finite. 
Note that this proof does not show that the p-torsion subgroup of K* JE;E; is trivial 
if k has positive characteristic p. 
For general r, we see that L*/&L) g A*/1(A)@T/i(T). The left-hand term is finite- 
ly generated. The right-hand term essentially depends only on G and the Ci (and, 
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of course, the number of transitive permutation lattices of each type which are sum- 
mands of r). 
Theorem 7.2. Let k be a field which is finitely generated over the prime field but is 
not algebraic over a jinite jield, K a finite separable extension field of k and El, . . . , E, 
proper subfields of K containing k. Let L be the Galois closure of K/k and G the 
Galois group of L/k. Let Ci be the Galois group of LIEi. Dejine S and T as in (4). 
Then: 
(a) If T is not torsionfree, K*/E; . . ‘E,* has infinite torsion subgroup (of finite 
exponent). 
(b) Zf T is torsionfree, then (K*/E; ...ET& % Y@H’(G,T@S), where Y isfinite. 
(c) If T is torsionfree and k is a number field, them 
(K*/E; . . . E;)tors = g (e@& H’W)) @ r, 
where Y is finite and Y is the collection of all cyclic subgroups of G. 
(d) If T is torsionfree, k = ko(x), and L = LO(X) where ko is a subfield of k and 
LO is Galois over ko, then 
where Y is finite and Y is the collection of all subgroups of G. 
Proof. By [7, 1.8 and proof of 1.51, r has a ZG-free direct summand of infinite rank. 
Thus Corollary 2.3(f) implies that K*IEr . . . E,* has a direct summand isomorphic to 
an infinite direct sum of copies of T. In particular, if T is not torsionfree, the torsion 
subgroup of K*/E; . . . E,* is infinite. It has finite exponent by Theorem 6.1. This proves 
(a). Since r is coflasque and torsionfree, (b) follows from Corollary 2.3(e). 
If k is a number field, then since all residue fields are finite, the decomposition groups 
are cyclic (the extension A/AG is unramified by the choice of A). The Chebotarev 
density theorem implies that each cyclic subgroup occurs as a decomposition group for 
infinitely many primes. Thus 
Corollary 2.3(f) implies (c). 
(d) Under these hypotheses it follows that every subgroup of G will occur as a 
decomposition group infinitely often (e.g., consider the primes x - a for various a in 
L). Now argue as in (c). 0 
The next result is an immediate consequence of Theorem 7.2. 
Corollary 7.3. Let G be a finite group with subgroups Cl,. . . , C, with D & ni Ci. Let 
S and T be defined by (4). The following are equivalent: 
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(a) There exists no finite separable extension of jields K/k finitely generated over 
the prime field such that the Galois closure L/k has Galois group G and K*/E; . . E,* 
has an injinite torsion group, where Ei is the fixed field of Ci. 
(b) T is torsionfree and S is cojasque. 
The previous theorem allows us to give many examples in which T is torsion and 
so the torsion subgroup of K*/E; . . . E,* is infinite (see also [7, 1.41). In particular, 
if G is a noncyclic p-group and Cl,. . . , C, are the subgroups of index p, T will be 
an elementary abelian p-group (it is also easy to see in this case that S is a trivial 
G-module and so is coflasque). 
Example 2.9 (see also 6.5) also shows that there are examples of number fields such 
that T is torsionfree and the torsion subgroup of K*/E; . E,* is infinite. 
We do not know whether there exist examples of finitely generated fields such that 
K*/E; . . . E,’ is finite but nontrivial. By Example 6.6, there are such examples without 
the finite generation restriction. It follows from the discussion preceding Theorem 7.2 
that K*/ET.. . E,* finite implies that T = 0. If K/k is Galois, then it follows by Corollary 
2.3(g) that K*/E; -. . E,* is trivial. So such an example could not be Galois. Moreover, 
r 2 3 by Corollary 5.3. 
The proof of Theorem 7.1 extends to the case when K is separable or semisimple 
(using the ideas in Theorem 5.5 and Corollary 5.6). Thus one has: 
Theorem 7.4. Let k be a field jinitely generated over the prime field and K a ji- 
nite dimensional semisimple commutative k-algebra. Let El and E2 be intermediate 
subalgebras of K/k. 
(a) If k has positive characteristic p, then K*/E;E,* is a direct sum of a countably 
generated free abelian group, a jinite group and a p-group of jinite exponent. 
(b) If K/k is separable, then K*/E;E,’ is a direct sum of a countably generated 
free abelian group and a finite group. 
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